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We look at what type of arguments can rule out the joint reality (or value definiteness) of two
observables of a physical system, such as a qubit, and give several strong yet simple no-go results
based on assumptions typically weaker than those considered previously. The first result uses simple
geometry combined with a locality assumption to derive device-independent steering inequalities.
These may also be regarded as “conditional” Bell inequalities, are simpler in principle to test than
standard Bell inequalities, and for two-qubit systems are related to properties of the quantum steer-
ing ellipsoid. We also derive a Bell inequality from locality and a one-sided reality assumption, and
demonstrate a close connection between device-independent steering and Bell nonlocality. Moreover,
we obtain a no-go result without the use of locality or noncontextuality assumptions, based on sim-
ilar geometry and an assumption that we call “operational completeness”. The latter is related to,
but strictly weaker than, preparation noncontextuality. All arguments are given for finite statistics,
without requiring any assumption that joint relative frequencies converge to some (unobservable)
joint probability distribution. We also generalise a recent strong result of Pusey, for preparation
noncontextuality, to the scenarios of device-independent steering and operational completeness.
I. INTRODUCTION
The question of whether and when real values can be
attributed to quantum observables was raised by Ein-
stein, Podolsky and Rosen (EPR) in 1935 [1], and has
continued to be debated, in various forms, in the many
decades thereafter. However, standard no-go results that
rule out the joint reality of incompatible observables,
based on Bell inequalities [2–4] and Kochen-Specker ar-
guments [5–7], do not apply to the simplest nontrivial
quantum system, a single qubit. One aim of this paper,
therefore, is to give simple yet strong arguments that rule
out joint reality even for this case. Further, our argu-
ments are device-independent, being formulated for any
two-valued observables of any physical system, whether
or not it is described by quantum mechanics.
It is known that any such no-go argument must be
based on an assumption of some sort. For example,
two qubit observables A,B = ±1 can be consistently
assigned the joint real values α = sign(〈A〉ψ − λ) and
β = sign(〈B〉ψ − λ) prior to measurement, for any pure
state ψ, where λ is a random variable uniformly dis-
tributed over [−1, 1] [8]. Thus, to meet the aims of the
paper, there is a need to identify suitably simple and
physically reasonable assumptions. Our no-go results are
notable in that they are based on assumptions typically
weaker than those found in the literature, and rely on
very simple geometric arguments.
A further feature of the no-go results in this paper is
the use of finite-counting arguments, so as to avoid any a
priori assumption that formal joint probability distribu-
tions of incompatible observables exist. In particular, our
results allow for scenarios in which the individual relative
frequencies of random variables converge (to correspond-
ing observable probabilities) as the size of the ensemble
increases, but where their joint relative frequency does
not converge (see, e.g., [9] for an example). This is anal-
ogous to strong proofs of Bell inequalities in which only
finite counting arguments are required [9–11], thus allow-
ing, for example, local hidden variable models based on
properties of nonmeasurable sets [12] to be ruled out [10].
We begin in Sec. II by noting some very simple geomet-
ric constraints on the joint reality of two-valued observ-
ables, corresponding to the elementary property that if
two random variables have sufficiently large average val-
ues, then their product will have a large average value.
These constraints form the basis of the main results of
the paper, as indicated via simple qubit examples (one
of which supports a recent conjecture on the existence of
formal quantum joint probability distributions [13]).
Our first geometric no-go result is a device-
independent steering inequality for the incompatibility
of joint reality and locality in Sec. III A, which only as-
sumes the reality of observables in a single spacetime
region, and which can in principle be tested with less
detectors and/or assumptions than required in the stan-
dard Bell nonlocality scenario. In Sec. III B we show that
this inequality is stronger than recent steering arguments
given by Jevtic and Rudolph for qubit systems [14], in
that it rules out the joint reality of arbitrary pairs rather
than particular triples of projective qubit observables,
and we relate the violation of the inequality to geomet-
ric properties of the quantum steering ellipsoid [15, 16].
In Sec. III C we derive the Clauser-Horne-Shimony-Holt
(CHSH) Bell inequalities from the assumptions of local-
ity and one-sided reality, and in Sec. III D we investi-
gate the close connections between device-independent
steering and Bell nonlocality, showing in particular that
device-independent steering inequalities may be regarded
as “conditional” Bell inequalities. We also reformulate a
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2recent remarkable result of Pusey [17], to obtain a neces-
sary and sufficient device-independent steering inequality
for the CHSH scenario. Alternative necessary and suffi-
cient inequalities are obtained in Appendix A.
Section IV is motivated by previous work that relates
the joint reality of physical observables to the assump-
tion of “preparation noncontextuality” [7, 17–20], i.e., to
the requirement that operationally equivalent prepara-
tions have the same underlying distributions of any ontic
variables. Preparation noncontextuality is, unlike Bell
inequality and Kochen-Specker arguments, sufficient to
rule out the joint reality of qubit observables [18, 19],
and has a number of interesting implications [7, 17–23].
In Sec. IV A we obtain a device-independent no-go result
for joint reality based on a strictly weaker assumption,
that we call “operational completeness”—again using the
simple geometric tools introduced in Sec. II. In Sec. IV B
we analyse the robustness of this result for the case of
qubits. We directly compare preparation noncontextual-
ity with operational completeness in Sec. IV C, and show
that Pusey’s recent result for preparation nontextual-
ity [17] can be strengthened to an analogous result for
operational completeness.
Conclusions are given in Sec. V.
II. THE GEOMETRY OF JOINT REALITY
We identify an observable of a physical system with
a corresponding measurement procedure on that system.
The ‘reality’ of an observable captures the idea that its
measurement reveals something already there, as follows.
Reality: An observable is defined to be a real property
of a system if the measurement procedure corresponding
to the observable acts to reveal a pre-existing value.
Reality of an observable in this sense is also referred to
as ‘outcome determinism’ [18] or ‘value definiteness’ [24],
and a quantum example was given in the Introduction.
While the reality or otherwise of a given observable might
appear to be metaphysical in character, there are various
physically testable implications for the joint reality of two
or more observables [4, 19]. This paper obtains several
rather simple but strong such implications.
In particular, consider two observables A and B of
some physical system (not necessarily quantum), having
measurement outcomes labelled by α, β = ±1, respec-
tively. For example, A and B might correspond to spin
observables of a qubit, or to dichotomic observables of
some classical or generalised probability theory. We will
assume that A and B are jointly real as per the above
definition, i.e., that they have well-defined real values
α, β = ±1, respectively, such that a measurement of ei-
ther observable acts to reveal the corresponding value.
For any ensemble of N such systems, it follows that the
ensemble averages 〈A〉, 〈B〉 and 〈AB〉 are well-defined via
the relative frequencies N(α, β)/N , where N(α, β) is the
number of systems having real values A = α and B = β.
We now make a simple observation: if both 〈A〉 and 〈B〉
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FIG. 1. Simple constraints on joint reality. Let A and B
be jointly real observables of an ensemble of N physical sys-
tems (not necessarily quantum), taking values ±1. If 〈A〉
and 〈B〉 are both sufficiently positive or negative then 〈AB〉
must be positive, as depicted by the shaded regions in the
upper right and lower left of the figure. Similarly, 〈AB〉 must
be negative in the upper left and lower right shaded regions.
The dashed boundary corresponds, via Eq. (2), to the square
|〈A〉| + |〈B〉| = 1. It follows that any mixture of ensembles
corresponding to the two red dots must have 〈AB〉 > 0, while
any mixture of ensembles corresponding to the two blue dots
must have 〈AB〉 < 0. Hence, ensembles having the values of
〈A〉 and 〈B〉 corresponding to the black dot can be equally well
prepared with either strictly positive or strictly negative val-
ues of 〈AB〉. This immediately leads to robust no-go results
under assumptions such as locality, as discussed in Sec. III,
or operational completeness or preparation noncontextuality,
as discussed in Sec. IV.
are sufficiently positive, then 〈AB〉 must also be positive.
More quantitatively, one has
〈AB〉 > 0 for 〈A〉+ 〈B〉 > 1, (1)
corresponding to the upper right shaded region in Fig. 1.
This follows directly from the positivity of relative fre-
quencies, using the identity [25]
N(α, β)
N
=
1
4
[1 + α〈A〉+ β〈B〉+ αβ〈AB〉] ≥ 0. (2)
In particular, choosing α = β = −1 yields the inequality
〈AB〉 ≥ 〈A〉+ 〈B〉 − 1, (3)
which immediately implies Eq. (1). More generally, each
choice of α and β in Eq. (2) yields a region of 〈A〉 and
〈B〉 values having a definite sign for 〈AB〉, corresponding
to the four shaded regions in Fig. 1.
It follows that any ensemble E/ lying on the red line in
Fig. 1, formed by a mixture of ensembles represented by
3𝑋𝑌  < 0 
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FIG. 2. Joint reality vs locality for orthogonal qubit ob-
servables X and Y . In quantum mechanics the range of
possible 〈X〉 and 〈Y 〉 values is restricted to the unit disc
〈X〉2+〈Y 〉2 ≤ 1 (purple solid curve). If the qubit is one mem-
ber of a two-qubit singlet state, then one has 〈X〉E = 〈Y 〉E = 0
for an ensemble E of such states, corresponding to the black
dot at the origin. A spin measurement on the second qubit,
in the x + y direction, will divide this ensemble into a mix-
ture E/ of two subensembles represented by the red dots in
the figure, implying as per Fig. 1 that 〈XY 〉E/ > 0. Simi-
larly, a spin measurement in the x − y direction will divide
the ensemble into a mixture E\ of the two subensembles repre-
sented by the blue dots, implying that 〈XY 〉E\ < 0. However,
locality requires that the real values of X and Y are indepen-
dent of which measurement is made on the second qubit, and
hence that 〈XY 〉E/ = 〈XY 〉E\ . Thus, locality is incompatible
with the joint reality of X and Y . Note that this result does
not require any reality assumptions for the second qubit. It
is generalised to device-independent steering inequalities (or
conditional Bell inequalities) in Sec. III.
the two red dots, must have 〈AB〉E/ > 0, whereas any en-
semble E\ formed lying on the blue line in Fig. 1, formed
by a mixture of ensembles represented by the two blue
dots, must have 〈AB〉E\ < 0. This simple fact immedi-
ately implies a general no-go result: the joint reality of A
and B is incompatible with any assumption that equates
the values of 〈AB〉E/ and 〈AB〉E\ for two such mixtures
(e.g., for the case that E/ and E\ have the same values of
〈A〉 and 〈B〉, corresponding to the black dot in Fig. 1).
Suitable assumptions include locality, preparation non-
contextuality, and a weakening of the latter which we call
operational completeness. These lead to several simple
device-independent no-go results, as discussed in Secs. III
and IV. The flavour of these results is depicted in Fig. 2
for the case of orthogonal qubit observables X and Y ,
corresponding to spin measurements in the x and y di-
rections, respectively.
We conclude this section by generalising the basic ge-
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FIG. 3. Simple generalised constraints on joint reality. Let
A and B be jointly real observables of an ensemble of N
physical systems (not necessarily quantum), taking values
±1, and choose some c ∈ (−1, 1). The four shaded regions
in the figure, corresponding to Eqs. (4)–(7), directly gener-
alise those in Fig. 1 (which corresponds to the case c = 0),
with the dashed inner square replaced by a rectangle hav-
ing vertices at ±(1, c),±(c, 1). Analogously to Fig. 1, any
mixture of the ensembles corresponding to the two red dots
must have 〈AB〉 > c, whereas any mixture of the ensembles
corresponding to the two blue dots must have 〈AB〉 < c, im-
plying that ensembles corresponding to the black dot can be
equally well prepared with either strictly positive or strictly
negative values of 〈AB〉 − c. This immediately leads to the
device-independent no-go results in Theorems 1 and 3.
ometric result in Fig. 1, to extend its useful range (and
in particular to allow no-go results to be obtained for ar-
bitrary noncommuting qubit observables). This requires
just a small modification of the observation made before
Eq. (1), as follows: if both 〈A〉 and 〈B〉 are sufficiently
large, then 〈AB〉 must also be large. This is captured
quantitatively, via Eq. (3), by the generalisation
〈AB〉 > c for 〈A〉+ 〈B〉 > 1 + c (4)
of Eq. (1), for any c ∈ (−1, 1). It alternatively follows
directly from the choice α = β = −1 in identity (2), while
the remaining choices yield
〈AB〉 > c for 〈A〉+ 〈B〉 < −1− c, (5)
〈AB〉 < c for 〈A〉 − 〈B〉 > 1− c, (6)
〈AB〉 < c for 〈A〉 − 〈B〉 < −1 + c. (7)
These four equations correspond to the four shaded re-
gions depicted in Fig. 3. In particular, the sign of 〈AB〉−c
is fixed to be positive in the upper right and lower left
regions, and to be negative in the lower right and upper
left regions. These regions, and the dashed rectangle that
they exclude, reduce to those in Fig. 1 for c = 0.
4While all four equations above are required for the
device-independent results in Secs. III and IV, we can
already obtain a interesting result from Eqs. (4) and (5)
alone, under the assumption that quantum mechanics
is valid. In particular, it has recently been conjectured
there is no formal joint probability function p(α, β|ρ), for
two quantum observables A and B and density operator
ρ, under certain conditions [13]. On any qubit subspace,
these conditions require in particular that 〈AB〉ρ0 = a·b,
for spin observables in nonparallel a and b directions and
ρ0 =
1
2 1ˆ (e.g., orthogonal qubit observables X and Y
are required to be uncorrelated for the maximally mixed
state). Now, for such observables one can easily show
that |〈A〉ρ± + 〈B〉ρ± | = |a+ b| > 1 + a · b, where ρ± de-
notes a spin-up eigenstate in the ±(a+b) direction. From
Eqs. (4) and (5) it then follows that 〈AB〉ρ± > a ·b (cor-
responding to the two red dots in Fig. 3, with c = a · b).
Thus, providing ρ0 is prepared from an equally-weighted
mixture of ρ±, then 〈AB〉ρ0 > a · b, supporting the con-
jecture in Ref. [13]. Note no measurement or preparation
noncontextuality assumption is required for this result.
III. LOCALITY AND ONE-SIDED REALITY
A very reasonable physical assumption, in the frame-
work of relativity theory, is that there are no faster-than-
light effects. We formalise this as follows.
Locality: An operation carried out in some spacetime
region cannot influence operations carried out in a space-
like separated region.
The combination of the reality and locality assumptions
implies, in particular, that the real value of any observ-
able that can be measured by an operation performed
within some spacetime region is unchanged by operations
carried out in spacelike separated regions. This combi-
nation, ‘local realism’, was the type of assumption that
EPR had in mind when they considered making predic-
tions“without in any way disturbing a system” [1], and
was used by Bell in his derivation of the original Bell
inequality [2].
It is well known the violation of a Bell inequality rules
out the compatibility of locality and joint reality [4]
(modulo a measurement independence assumption, that
measurement choices are uncorrelated with any variables
that influence their outcomes [26, 27], which we will make
throughout this paper). However, derivations of such in-
equalities typically use an assumption equivalent to the
joint reality of several observables in each of two space-
like separated regions [28]. In this section, in contrast, we
will obtain no-go results by only assuming one-sided real-
ity, i.e., the joint reality of particular observables within
a single region of spacetime. In particular, no real pre-
existing real values are assumed for measurements out-
side this region.
A. Joint reality and device-independent steering
We consider again an ensemble E of N physical systems
(not necessarily quantum), with two observables A and
B that can be measured in some spacetime region and
which have pre-existing real values α, β = ±1. Under the
above locality assumption, these values are undisturbed
if an observer in a spacelike separated region makes one of
two measurements, M or M ′ say, and records the result,
M = m or M ′ = m′ respectively. Note that we do not
assume that M or M ′ have pre-existing real values before
measurement.
The measurement M partitions E into a set of
subensembles {Em}, where Em comprises those systems
with outcome M = m. The alternative measurement M ′
similarly partitions E into a set of subensembles {E ′m′}.
Following Schro¨dinger, we say that the distant measure-
ments steer each system into one of these subensem-
bles [29]. Since the real values of A and B are undis-
turbed by either measurement we can count the number
of systems in E having A = α and B = β via either
partition:
N(α, β|E) =
∑
m
N(α, β|Em) =
∑
m′
N(α, β|E ′m′). (8)
Denoting the number of systems in Em and E ′m′ by Nm
and N ′m′ , respectively, it immediately follows that the av-
erage over E of any function f(A,B) of the real values of
A and B, i.e., 〈f(A,B)〉E := N−1
∑
α,β f(α, β)N(α, β|E),
can be decomposed into mixtures of the subensemble av-
erages:
〈f(A,B)〉E=
∑
m
Nm
N
〈f(A,B)〉Em =
∑
m′
N ′m′
N
〈f(A,B)〉E′
m′
.
(9)
This is the basic observation that allows us to obtain the
simple no-go results below.
For convenience, we will now restrict attention to the
case whereM andM ′ are two-valued measurements, with
outcomes labelled by m,m′ = ±1. Thus, M steers each
system into one of two subensembles E±, and M ′ into one
of two subensembles E ′±. If the values of 〈A〉 and 〈B〉 are
plotted as points on the 〈A〉〈B〉-plane, for each of these
subensembles, it follows from Eq. (9) that the points form
a convex quadilateral, with diagonals intersecting at the
point (〈A〉E , 〈B〉E). Figures 1 and 3 provide suggestive
examples of such formations, with the red dots represent-
ing ensembles E±, the blue dots representing E ′±, and the
black dot representing E .
However, under the joint reality and locality assump-
tions, it turns out that the four subensembles cannot in
fact occupy all four shaded regions depicted in Fig. 1 or 3,
as this would simultaneously require 〈AB〉E−c to be both
strictly positive and strictly negative. In particular, we
have a simple device-independent no-go result.
Theorem 1: The joint reality of any two-valued observ-
ables A,B = ±1 in some spacetime region is compati-
ble with locality for a given ensemble E only if, for any
5c ∈ (−1, 1) and any two-valued measurements M and M ′
made in a spacelike separated region, the inequality
`(c) := min
{ 〈A〉E+ + 〈B〉E+ − 1− c,
− 〈A〉E− − 〈B〉E− − 1− c,
〈A〉E′+ − 〈B〉E′+ − 1 + c,
− 〈A〉E′− + 〈B〉E′− − 1 + c
}
≤ 0 (10)
holds for the steered subensembles E± and E ′± correspond-
ing to M and M ′, respectively.
Proof: We proceed by contradiction. Suppose that A
and B are jointly real, the locality assumption is satis-
fied, and that there are distant measurementsM,M ′ such
that `(c) > 0 for some c ∈ (−1, 1). Thus, each of the four
expressions on the right hand side of Eq. (10) is strictly
positive, implying via Eqs. (4)–(7) that 〈AB〉E± > c and
〈AB〉E′± < c ( and that the steered subensembles occupy
the four shaded regions of Fig. 3). Hence, any mixture
of the pair E± must have 〈AB〉 > c, while any mixture
of the pair E ′± must have 〈AB〉 < c. But locality implies
that 〈AB〉E can be expressed as a mixture of either pair,
as per Eq. (9), yielding the desired contradiction (since
〈AB〉E cannot be both greater than and less than c). 
A simple application of Theorem 1 is provided by the
case depicted in Fig. 2 for orthogonal qubit observables
X and Y , where E is an ensemble of two-qubit singlet
states, and measurements M and M ′ correspond to mea-
surements on the second qubit in the x + y and x − y
directions. For this case the subensembles E± and E ′±
are depicted by the red and blue dots in Fig. 2, corre-
sponding to the Bloch vectors n± = ±(1, 1, 0)/
√
2 and
n′± = ±(1,−1, 0)/
√
2, which yields the violation
`(0) =
√
2− 1 > 0. (11)
of Eq. (10) for c = 0. Hence, the joint reality of X and Y
is incompatible with locality. Further results for qubits
are given in the next subsection.
Note that the subensembles in Fig 2 lie at the maxi-
mum possible distance from the dashed square, 1−1/√2,
that is allowed by quantum mechanics. More generally,
a value of `(c) > 0 in Eq. (10) of Theorem 1 corresponds,
geometrically, to the four subensembles E±, E ′± occupying
the four shaded regions in Fig. 3, and having a minimum
distance of `(c)/
√
2 from the dashed rectangular region.
The main attractions of Theorem 1, in addition to its
geometric simplicity, are that (i) it relies on the phys-
ically very reasonable assumption of locality; (ii) it is
both device-independent and theory-independent, i.e., it
applies to any ensemble of physical systems whether or
not they are described by quantum mechanics or some
other theory; and (iii) it can have an experimental ad-
vantage in comparison to the CHSH Bell inequality, de-
pending on the methods and assumptions used, due to
the averages in Eq. (10) being conditioned on subensem-
bles rather than the full ensemble.
As a simple example of the latter point, consider a mea-
surement of `(c) for an ensemble of unheralded entangled
polarisation qubits, using a single ideal photon detector
on each side. In this scenario, the firing of the detector
on the steering side is used to herald a chosen value for M
or M ′, i.e., a corresponding subensemble E± or E ′±, with
the detector being placed in the appropriate polarisation
path on each run. Upon heralding, the detector on the
steered side is used to determine the corresponding value
of either A or B (note that since this second detector
is ideal, it can always be placed in the +1 polarisation
path, with a non-firing of the detector identified with
a -1 result). The conditional expectations appearing in
Eq. (10) for `(c), i.e., 〈A〉E± etc., can then be estimated
from a long series of runs. In contrast, a measurement
of the CHSH Bell parameter cannot be made in this sce-
nario (nor a test of no-signaling), without some further
assumption to enable estimation of joint expectation val-
ues such as 〈AM〉E [4] (see also Sec. III C below). This
is because, for an unheralded source, such joint expec-
tation values can only be obtained from the above con-
ditional expectation values if the steering probabilities
p(M = ±1), p(M ′ = ±1) can also be determined. But
this is not possible without some further assumption—
since, for example, the non-firing of both detectors on a
given run cannot distinguish between (i) polarisation val-
ues corresponding to the paths having no detector, and
(ii) no entangled pair being produced. Suitable assump-
tions in this case include a constant source rate, with the
detector on the steering side placed in each polarisation
path for equal amounts of time [30, 31], or an assumption
that the statistics satisfy locality (see Sec. III D).
More generally, the number of detectors required in
Bell inequality experiments depend on whether assump-
tions such as fair-sampling are made [4], as well as the
quality of the source, the way the detectors are used,
and the way the events are defined [30–33]. It would be
of interest in future work to compare these with the cor-
responding assumptions required for device-independent
steering experiments.
A value `(c) > 0 certifies, modulo locality, that the
values of A and B are not both predetermined. This has
practical significance for one-sided secure key distribution
and randomness generation, similarly to the witnessing
of EPR steering for quantum systems [34]. In particular
no eavesdropper or adversary outside the local spacetime
region has access to both values of A and B prior to their
actual measurement. We can therefore regard a value
`(c) > 0 in Eq. (10) as a witness of device-independent
steering.
More generally, we introduce the term “device-
independent steering” as corresponding to the inconsis-
tency of the joint reality of a set of system observables
A,B,C . . . with locality, under steering of an ensem-
ble E by a set of remote measurements M,M ′,M ′′, . . . ,
without any assumptions on the working of prepara-
tion and measurement devices. Such an inconsistency
is evidenced by the incompatibility of the measured
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FIG. 4. Joint reality vs locality for qubit observables A and
B represented by operators Aˆ = σˆ · a and Bˆ = σˆ · b. The
four shaded regions in the figure correspond to the choice
c = a · b in Fig. 3. For this choice, the range of possible 〈A〉
and 〈B〉 values is bounded by an ellipse as per Eq. (12) (solid
purple curve), which circumscribes the dashed inner rectan-
gle. Hence, similarly to Fig. 2 (which corresponds to the case
of orthogonal qubit observables, with c = a · b = 0), the
incompatibility of joint reality with locality can be demon-
strated via Theorem 1 if four suitable subensembles can be
selected within the shaded regions of the ellipse. The optimal
subensembles, maximising `(c), correspond to the four points
of the ellipse furthest from the dashed rectangle in each re-
gion (red and blue dots), achievable for a singlet state via
measurements M and M ′ on the second qubit in the a ± b
directions.
statistics of A,B,C . . . , for each steered subensemble
Em, E ′m′ , E ′′m′′ , . . . , with the property that their joint rela-
tive frequencies must be positive. For example, Eq. (10)
of Theorem 1 corresponds, via Eqs. (4)–(7), to the posi-
tivity of joint relative frequencies as per Eq. (2).
It follows that device-independent steering, as defined
above, differs from EPR steering. For example, the latter
further requires that the system observables have well-
characterised quantum descriptions [35]. While device-
independent steering is also conceptually distinct from
Bell nonlocality [4], there is in fact a very close connec-
tion. In particular, as will be shown in Sec. III D, device-
independent steering inequalities such as Eq. (10) may
be reinterpreted as “conditional Bell inequalities.”
B. Examples: qubits and steering ellipsoids
To apply Theorem 1 when A and B correspond to pro-
jective qubit observables Aˆ = σˆ · a and Bˆ = σˆ · b, where
σˆ ≡ (Xˆ, Yˆ , Zˆ) denotes the vector of Pauli spin operators
and a and b are unit vectors, note that the range of pos-
sible values for 〈A〉 and 〈B〉 in this case is bounded by
the ellipse (
〈A〉+〈B〉√
2
)2
1 + a · b +
(
〈A〉−〈B〉√
2
)2
1− a · b ≤ 1, (12)
depicted in Fig. 4. This may be shown by choosing two
orthogonal observables X ′, Y ′ in the plane spanned by a
and b, and rewriting the tight bound 〈X ′〉2+〈Y ′〉2 ≤ 1 for
such observables in terms of 〈A〉 and 〈B〉. Note that the
ellipse is oriented at 45◦, with semimajor and semiminor
axis lengths
√
1± a · b. The inscribed rectangle corre-
sponds to c = a · b in Fig. 3. This immediately leads to
a corollary of Theorem 1 for qubit observables.
Corollary 1: The joint reality of any two noncommut-
ing projective qubit observables, represented by Aˆ = σˆ ·a
and Bˆ = σˆ · b, is incompatible with locality.
Proof: Consider an ensemble described by the singlet
state of the qubit and a spacelike separated qubit. Any
projective measurement on the distant qubit will, there-
fore, steer the local qubit state to one of two opposite
states on the Bloch ball. Choosing M and M ′ to steer
the qubit to states described by the unit Bloch vectors in
the directions ±(a+ b) and ±(a− b), respectively, gives
subensembles E± and E ′± represented by points of the el-
lipse in each shaded region furthest from the inscribed
rectangle in Fig. 4 (red and blue dots). Hence, since this
rectangle corresponds to the value c = a·b in Theorem 1,
we have `(a · b) > 0 in Eq. (10). 
The corollary improves on the two no-go results ob-
tained by Jevtic and Rudolph based on steering prop-
erties of two-qubit states [14], in that (i) the latter re-
quire the assumption of joint reality for three observables
rather than two (e.g, for the observables having respec-
tive eigenstates |a〉, |b〉, |x〉 in Fig. 1 of [14]), and (ii) the
corollary may be tested in a device-independent manner.
As noted in the caption of Fig. 4, the optimal
subensembles which maximise `(c) = `(a · b) correspond
to the points of the ellipse in Fig. 4 furthest from the
dashed rectangle, depicted by the red and blue dots. It
is straightforward to calculate the corresponding maxi-
mum value of `(a · b) using Eq. (12), as
`max(a · b) = min{
√
2(1 + a · b)− (1 + a · b),√
2(1− a · b)− (1− a · b)}
=
√
2(1 + |a · b|)− (1 + |a · b|). (13)
This is a monotonic decreasing function of |a · b|, rang-
ing from a highest value of
√
2 − 1 for a · b = 0, as
expected from Eq. (11) for orthogonal observables, to a
lowest value of 0 for |a · b| = 1 (corresponding to com-
patible observables A = ±B). The device-independent
nature of Theorem 1 implies that one can similarly calcu-
late maximum values of `(c) for positive-operator-valued
measure (POVM) qubit observables (see also Sec. IV B).
The proof of Corollary 1 relies on the example of a two-
qubit singlet state (see also Figs. 2 and 4). However, the
7general result is very robust, and can be demonstrated
with a wide variety of two-qubit states. To show this,
let S(E) denote the set of subensembles that a given
physical ensemble E (not necessarily quantum) can be
steered to, via arbitrary measurements made in spacelike
separated regions. It is an immediate geometric conse-
quence of Eq. (10) that a necessary condition for obtain-
ing `(c) > 0 in Theorem 1 is that the image of S(E) in the
〈A〉〈B〉-plane overlaps all sides of the dashed rectangle
in Fig. 3. For the particular case of a general two-qubit
state ρ, it is known that the set of steered local states of
the first qubit, S(ρ), forms an ellipsoid in the Bloch ball
〈X〉2 + 〈Y 〉2 + 〈Z〉2 ≤ 1, called the quantum steering el-
lipsoid [15, 16]. It is, therefore, of interest to reformulate
the above necessary condition in Bloch coordinates, so
as to make a connection with the geometry of quantum
steering ellipsoids.
For this purpose it may be assumed, without significant
loss of generality, that Aˆ = Xˆ and Bˆ = Xˆ cos θ + Yˆ sin θ
for orthogonal observables X and Y and some θ ∈ (0, pi).
Thus, the 〈A〉〈B〉-plane is mapped to the 〈X〉〈Y 〉-plane
via
〈A〉 = 〈X〉, 〈B〉 = 〈X〉 cos θ + 〈Y 〉 sin θ. (14)
For example, choosing θ = pi2 , it follows that `(c) > 0 is
possible for observables X and Y only if the projection of
the steering ellipsoid onto the 〈X〉〈Y 〉-plane overlaps all
four sides of the dashed rectangle in Fig. 3.
More generally, under the mapping in Eq. (14), the
rectangle R(c) in Fig. 3 is mapped to a rectangle
R˜(c, θ) in the 〈X〉〈Y 〉-plane, having vertices at ±(1, (c−
cos θ)/ sin θ),±(c, (1 − c cos θ)/ sin θ), and sides oriented
at angles θ/2 and θ/2 + pi/2. This allows us to obtain a
necessary and sufficient geometric condition as follows.
Corollary 2: The incompatibility of joint reality and
locality for two qubit observables represented by Xˆ and
Xˆ cos θ + Yˆ sin θ may be demonstrated via `(c) > 0 in
Eq. (10), using an entangled two-qubit state ρ, if and only
if there are two line segments, each connecting two bound-
ary points of the quantum steering ellipsoid S(ρ) and
passing through (〈X〉ρ, 〈Y 〉ρ, 〈Z〉ρ), such that (i) the pro-
jection of the first segment onto the 〈X〉〈Y 〉-plane inter-
sects opposite sides of the rectangle R˜(c, θ), and (ii) the
projection of the second segment intersects the other two
sides of R˜(c, θ).
Proof: For any entangled state ρ the steering ellipsoid
satisfies the completeness property defined in Ref. [15],
implying that for any two line segments connecting two
boundary points of the quantum steering ellipsoid S(ρ)
and passing through (〈X〉ρ, 〈Y 〉ρ, 〈Z〉ρ), there exist mea-
surements M and M ′ on the second qubit which respec-
tively steer to subensembles E± and E ′± corresponding to
the endpoints of the first and second line segments [15].
But properties (i) and (ii) of the corollary are then equiv-
alent to these subensembles projecting onto four points
on the 〈X〉〈Y 〉-plane which fall outside the four sides
of the rectangle R˜(c, θ), which is in turn equivalent via
Eq. (14) to falling outside the four sides of rectangle R(c)
in the 〈A〉〈B〉-plane, i.e., to `(c) > 0. 
Noting that the steering ellipsoid must project into the
unit disc 〈X〉2 + 〈Y 〉2 ≤ 1, it follows from conditions (i)
and (ii) of Corollary 2 that this disc itself must extend
beyond the sides of the rectangle R˜(c, θ) if `(c) > 0, i.e.,
the side lengths of this rectangle must be less than 2
units. These side lengths are given by s1 = (1+c) sec
θ
2 in
the θ/2 direction and s2 = (1−c) cosec θ2 in the θ/2+pi/2
direction, yielding the necessary condition
1− 2 sin θ
2
< c < 2 cos
θ
2
− 1 (15)
for `(c) > 0. Further, it is easy to check that the vertices
of R˜(c, θ) always lie outside the unit circle (correspond-
ing to s21 + s
2
2 ≥ 4). Hence, in addition to Eq. (15).
the projection of each line segment in Corollary 2 must
pass through a corresponding rectangle formed by the in-
tersection of the unit circle with R˜(c, θ), implying that
the projection of (〈X〉ρ, 〈Y 〉ρ, 〈Z〉ρ) must lie within the
intersection I(c, θ) of these two rectangles, i.e.,
(〈X〉ρ, 〈Y 〉ρ) ∈ I(c, θ). (16)
Explicitly, I(c, θ) is the rectangle centred at the origin
and having side lengths
√
4− s21 and
√
4− s22 in the θ/2
and θ/2 +pi/2 directions, respectively. Note for any pure
entangled state |ψ〉 that the steering ellipsoid is the entire
Bloch ball [15]. It follows for any such state with 〈Z〉ψ =
0 that conditions (15) and (16) are not only necessary
but sufficient for `(c) > 0.
C. Bell inequalities from one-sided reality
As mentioned in the preamble of Sec. III, it is well
known that violation of a Bell inequality rules out the
compatibility of locality with the joint reality of observ-
ables measured in two or more spacetime regions [4]. Fine
showed, for example, that satisfying the CHSH Bell in-
equalities is equivalent to assuming a local realistic model
of the statistics, with each observable in each spacetime
region having real values [28]. Here, we point out that the
CHSH Bell inequalities can be derived by assuming the
reality of the observables in one spacetime region only.
In particular, consider the CHSH scenario for an en-
semble E of N systems, in which either of two observ-
ables A and B can be measured in one spacetime region
and either of two observables M and M ′ can be mea-
sured in a spacelike separated region. We assume that A
and B have pre-existing measurement results α, β = ±1,
and label the measurement outcomes of M and M ′ by
m,m′ = ±1. Assuming locality then leads to Eq. (8)
as before for the steered subensembles E±, E ′±. We can
therefore define a (purely formal) joint probability distri-
bution for the outcomes of A, B, M and M ′ as follows:
℘(α, β,m,m′) :=
N(α, β|Em)N(α, β|E ′m′)
N(α, β|E)N , (17)
8analogous to the construction used in Proposition (1) of
Fine [28]. Note that it is positive, sums to unity via
Eq. (8) and the identity
∑
α,β N(α, β|E) = N , and re-
turns the correct marginal distributions for the triples
(A,B,M), (A,B,M ′). But the CHSH Bell inequalities
hold for any such joint probability distribution [28]. For
example, since αm+αm′+βm−βm′ = ±2 for all possible
outcomes, then
−2 ≤
∑
α,β,m,m′
℘(α, β,m,m′) (αm+αm′+βm−βm′) ≤ 2,
yielding the well known CHSH Bell inequality [3]
|〈AM〉E + 〈BM〉E + 〈AM ′〉E − 〈BM ′〉E | ≤ 2. (18)
Note that while the reality of M and M ′ has not been
assumed in the above, an experimental test of such in-
equalities requires the that the outcome of either, once
measured, is not influenced by measurements of A or B
in a spacelike separated region. This follows from our
locality assumption.
D. Device-independent steering vs Bell nonlocality
We now show that there is a close connection between
device-independent steering and Bell nonlocality, and in
particular that device-independent steering inequalities,
such as Eq. (10), may be regarded as “conditional” Bell
inequalities.
First, recall from Sec. III A, that device-independent
steering concerns the joint reality of a set of system ob-
servables A,B,C . . . , for an ensemble E of N systems
steered by a set of remote measurements M,M ′,M ′′, . . . ,
with no assumptions made about the working of prepara-
tion and measurement devices. In particular, the incon-
sistency of such joint reality with locality corresponds to
the incompatibility of the measured statistics of the ob-
servables with the property that the number of systems
having particular values α, β, γ, . . . for A,B,C, . . . must
be positive for any steered subensemble Em, E ′m′ , E ′′m′′ , . . . :
N(α, β, γ, . . . |Em), N(α, β, γ, . . . |E ′m′), . . . ≥ 0. (19)
In contrast, Bell nonlocality in this scenario is equivalent
to the inconsistency of locality with the existence of a
joint probability distribution
℘(α, β, γ, . . . ,m,m′,m′′, . . . ) ≥ 0 (20)
for all observables A,B,C, . . . ,M,M ′,M ′′, . . . [4, 28].
Thus, testing device-independent steering concerns con-
ditional correlations between two spacelike separated re-
gions, such as in Eq. (10), whereas testing Bell nonlocal-
ity concerns joint correlations, such as in Eq. (18). As
already noted in Sec. III A, the former tests can in prin-
ciple be experimentally simpler.
Remarkably, the two concepts are equivalent for finite
ensembles. To show this, first note that if Eq. (19) holds
for the case of k steering observables M,M ′,M ′′, . . . ,
then one can define a corresponding joint probability dis-
tribution
℘(α, β, γ, . . . ,m,m′,m′′, . . . ) :=
N(α, β, γ . . . |Em)N(α, β, γ . . . |E ′m′) . . .
N(α, β, γ, . . . |E)k−1N . (21)
This generalises Eq. (17), and by construction satisfies
Eq. (20). Further, locality as per Eq. (8) (with α, β ex-
tended to α, β, γ, . . . ) ensures that it gives the correct
marginal relative frequencies, e.g., with
℘(α, β, γ, . . . ,m) =
N(α, β, γ . . . |Em)
N
=
N(α, β, γ . . . |Em)
Nm
Nm
N
. (22)
Thus, the combination of Eq. (19) and locality implies
Bell locality. Conversely, if one is given a joint prob-
ability distribution as per Eq. (20), then sampling it N
times yields a model for an ensemble E having jointly real
values of A,B,C, . . . (and of M,M ′,M ′′, . . . ), and local-
ity implies that the values of A,B,C, . . . can be steered
without disturbance by measurements of M,M ′,M ′′, . . .
into subensembles as per Eq. (19).
The above result shows that device-independent steer-
ing inequalities such as Eq. (10) may be reinterpreted
as conditional Bell inequalities. In particular, a value
`(c) > 0 in Eq. (10), for some c, certifies Bell nonlocality
(and hence also certifies EPR steering [35]). Conversely,
the CHSH Bell inequality certifies device-independent
steering, as will also be seen more directly in Theorem 2
below. Note that the special case of a conditional Bell in-
equality for three spacelike separated regions, conditioned
on (a fixed outcome of) a single measurement in one of
the regions, has been previously considered in quantum
field theory [36] and in loophole free tests of standard
Bell inequalities [37, 38]. In contrast, Eq. (10) requires
only two spacelike separated regions, and is conditioned
on outcomes of two measurements in one of the regions.
Nevertheless, there remain some important and inter-
esting differences at the level of the inequalities corre-
sponding to device-independent steering and Bell non-
locality. First, as noted in Sec. III A, the conditional
nature of device-independent steering inequalities means
that they can in principle be tested with fewer detec-
tors and/or assumptions. Second, a more formal dis-
tinction arises for the case of infinite ensembles. In par-
ticular, a conditional inequality such as Eq. (10) does
not depend on the measurement or knowledge of the
relative frequencies of steering measurement outcomes
such as Nm/N (these only appear in the locality condi-
tion (9)), and hence device-independent steering inequal-
ities do not require the assumption of the convergence of
such relative frequencies to probabilities as N increases.
Third, it is a matter of experimental and technical in-
terest as to whether the device-independent steering in-
equalities for a given scenario, such as Eq. (10), which
9depend only on conditional subensemble averages and
not on steering probabilities such as Nm/N , are suffi-
cient to fully characterise Bell nonlocality for that sce-
nario. Note that such sufficiency does not follow from
the equivalence of device independent steering and Bell
nonlocality demonstrated above, because the proof of this
equivalence does require the steering probabilities Nm/N
(in addition to the conditional probabilities appearing in
device-independent steering inequalities), as per Eq. (22).
We note that the third point above can in fact be set-
tled affirmatively for the CHSH scenario. This follows
by reformulating a strong result of Pusey for prepara-
tion noncontextuality [17], as a necessary and sufficient
device-independent steering inequality for this scenario.
Theorem 2: The joint reality of two two-valued observ-
ables A,B = ±1 in some spacetime region is compatible
with locality for a finite ensemble E if and only if the
inequality∣∣∣∣∣∣∣∣
〈A〉E+ 〈B〉E+ p〈A〉E+ + q〈B〉E+ − 1 1
〈A〉E− 〈B〉E− r〈A〉E− + s〈B〉E− + 1 1
〈A〉E′+ 〈B〉E′+ −r〈A〉E′+ − s〈B〉E′+ + 1 1
〈A〉E′− 〈B〉E′− −p〈A〉E′− − q〈B〉E′− − 1 1
∣∣∣∣∣∣∣∣ ≤ 0 (23)
holds, for all p, q, r, s = ±1 satisfying pqrs = −1, and
for all pairs of subensembles E± and E ′± steered by two-
valued measurements M and M ′, respectively, made in
a spacelike separated region, where E+, E ′+, E−, E ′− form a
convex quadrilateral in the 〈A〉〈B〉-plane (with respective
vertices in clockwise order),
Proof: It is shown in [17] that Eq. (23) is satisfied, un-
der the stated conditions, if and only if the eight CHSH
Bell inequalities are satisfied for measurements of A or
B on one side and of M or M ′ on the other (note that
our labelling E+, E−, E ′+, E ′− corresponds to the labelling
P0,P3,P1,P2 in [17], and we have cyclically permuted
the bottom three rows of the determinant in Eq. (11)
of [17]). But, as noted at the beginning of Sec. III C, the
latter inequalities, and hence Eq. (23), are satisfied if and
only if there exists a hidden variable model that specifies
deterministic real values for A and B (and indeed also
for M and M ′) and satisfies locality [28]. 
Since the eight CHSH inequalities fully characterise
Bell locality in the CHSH scenario [4], it follows from the
proof of the above theorem that the device-independent
steering inequality (23) is similarly a full characterisa-
tion of Bell locality for fixed M and M ′ (note that
there are eight corresponding possible choices of p, q, r, s).
This appears rather remarkable at first sight, in that in-
equality (23) only depends upon conditional subensem-
ble expectations, in contrast to the CHSH inequality in
Eq. (18). However, a different characterisation of Bell
CHSH nonlocality via device independent steering in-
equalities is given in Appendix A, including a simple
demonstration that the steering probabilities (and hence
the full joint correlations) can be directly obtained from
the conditional correlations in the CHSH scenario, under
the assumption that locality is satisfied.
The device-independent steering inequality (10) in
Theorem 1 is weaker than inequality (23) in Theorem 2.
The main value of the former is its much greater simplic-
ity, characterised by a transparent geometric derivation,
and its linearity, which suggests that it may be more ro-
bust to statistical errors than Theorem 2. Moreover, The-
orem 1 is sufficient, by virtue of Corollary 1 in Sec. III B,
to directly show that all projective noncommuting qubit
observables are incompatible with locality, and to eas-
ily find the corresponding optimal qubit ensembles (see
also Fig. 4). In contrast, a full proof of Theorem 2 re-
quires wading through an “algebraic quagmire” to obtain
Eq. (11) of [17], and the highly nonlinear set of inequali-
ties as per Eq. (23) are difficult to optimise for the case
of qubit observables.
It would be of interest to further examine the con-
nections between these theorems, as well as to test both
theorems experimentally. Note that any such experimen-
tal test will in practice use some preparation procedure
P to prepare two ensembles, E and E˜ , on which M and
M ′ are perfomed respectively. Hence these ensembles
will be statistically similar rather than identical, leading
to errors from finite statistics similarly to standard Bell
inequality tests.
IV. DEVICE-INDEPENDENT NO-GO RESULTS
WITHOUT LOCALITY OR
NONCONTEXTUALITY
The results of the previous section required consider-
ation of two spacelike separated regions and a locality
assumption. However, while locality is physically well
motivated, it is also of interest to instead consider what
type of assumptions are needed to rule out joint reality
based on physical operations in a single region only, in-
cluding for the case of measurements on a single qubit.
As mentioned in the introduction, a known assumption
of this type is preparation noncontextuality [18]. Here
we formulate and prove device-independent results for
joint reality based on a weaker assumption that we call
“operational completeness”, using geometric arguments
similar to those of the previous sections.
A. Joint reality and operational completeness
Recall from the discussion of Fig. 1 in Sec. II that a
simple no-go result for the the joint reality of two ob-
servables A,B = ±1 can be obtained via any assumption
that equates the values of 〈AB〉 for two particular mix-
tures of ensembles. In Sec. III the assumption of locality
was used. Here we consider a rather different alternative.
Operational completeness: If two ensembles are op-
erationally similar, then the joint relative frequencies of
any two observables having real pre-existing values are
approximately the same for each ensemble.
Here “operationally similar” means that the statistics of
all measurable observables are approximately the same
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for each ensemble, up to errors arising from finite statis-
tics, expected to be of order O(N−1/2). For qubits, for
example, it corresponds to the ensembles being well de-
scribed by the same Bloch vector. Likewise, “approxi-
mately the same” means up to errors that become arbi-
trarily small as N increases.
Operational completeness is a rather strong assump-
tion: the information contained in the statistics of all
measurable observables, for a given ensemble, is suffi-
cient to fix, at least approximately, the joint statistics of
any pre-existing real values. Nevertheless, the assump-
tion is strictly weaker than that of preparation noncon-
textuality, used in Refs. [7, 17–20], as will be discussed
in Sec. IV C, making it of some intrinsic interest. Note
that it is typically a theory-dependent notion, because
operational similarity requires specifying some fixed set
of measurable observables (although such a specifica-
tion may, alternatively, arise on purely phenomenological
grounds, in which case ‘phenomenological’ could replace
‘operational’ in the definition). However, it is device-
independent, i.e., it does not rely on any physical details
of preparation and measurement devices. Hence, it leads
to a device-independent no-go result.
It is convenient, for formulating this result, to first de-
fine a operational plane of ensembles, for a given pair of
two-valued observables A and B, as any set of ensembles
such that: (i) any two members E , E ′ are operationally
similar if 〈A〉E ≈ 〈A〉E′ and 〈B〉E ≈ 〈B〉E′ (up to er-
rors arising from finite statistics); and (ii) it is closed
under mixtures. Thus, an operational plane is intrinsi-
cally two-dimensional in character: its members can be
distinguished by measurement, up to statistical errors,
via two quantities: the values of 〈A〉 and 〈B〉.
For example, for the case of two incompatible projec-
tive qubit observables A and B represented by Aˆ = σˆ ·a
and Bˆ = σˆ · b, the set of ensembles described by Bloch
vectors of the form n = ua + vb forms an opera-
tional plane, parameterised by 〈A〉 = u + va · b and
〈B〉 = v + ua · b. The intersection of the Bloch ball
with any plane not parallel to a× b also forms an oper-
ational plane for A and B. Note that operational planes
have an intrinsic uncertainty or ‘thickness’ in practice,
due to finite statistics. The experimental construction of
ensembles lying in operational planes is discussed, e.g.,
in Appendix C of [19] and Sec. VIII of [17].
To see how operational completeness can lead to sim-
ple no-go results, note that we may reinterpret the unit
disc in Fig. 2 as the operational plane 〈Z〉 = 0 for qubit
ensembles. Operational completeness then implies, for
any ensemble corresponding to the black dot, that the
value of 〈XY 〉 is fixed by the values of 〈X〉 and 〈Y 〉.
Moreover, the joint reality of X and Y implies that there
is one such ensemble, formed by an equal mixture of the
two red dots, for which 〈XY 〉 > 0, and a second such en-
semble, formed by an equal mixture of the two blue dots,
for which 〈XY 〉 < 0. Hence, operational completeness is
incompatible with the joint reality of qubit observables
X and Y .
More generally, we have a device-independent result.
Theorem 3: The joint reality of two two-valued observ-
ables A and B is compatible with operational complete-
ness only if, for any c ∈ (−1, 1),
`(c) = min { 〈A〉1 + 〈B〉1 − 1− c,
− 〈A〉2 − 〈B〉2 − 1− c,
〈A〉3 − 〈B〉3 − 1 + c,
−〈A〉4 + 〈B〉4 − 1 + c }
≤ 0 (24)
holds (up to statistical errors) for all ensembles
E1, E2, E3, E4 in any operational plane of A and B.
Proof: Inequality (24) is violated only if the inequalities
in (4)–(7) are satisfied for ensembles E1, E2, E3, E4, respec-
tively. But this corresponds to these ensembles having
values of 〈A〉 and 〈B〉 in each one of the shaded regions
of Fig. 3 (as exemplified by the red dots for E1, E2 and by
the blue dots for E3, E4). As already observed following
Eq. (3), the joint reality of A and B then implies two
mixed ensembles E/, E\ can be formed in the operational
plane that have the same values of 〈A〉 and 〈B〉 (exempli-
fied by the black dot in Fig. 1), up to statistical errors,
with 〈AB〉E/ > 0 and 〈AB〉E\ < 0, respectively. But
these two mixtures are operationally similar by the defi-
nition of an operational plane, and so must have the same
values of 〈AB〉 under operational completeness (again up
to statistical errors). Hence, joint reality is incompatible
with operational completeness as claimed.
Note that the same symbol, `(c), has been used in
Eqs. (10) and (24) for notational convenience, corre-
sponding to formally equating the labels E1, E2, E3, E4
with E+, E−, E ′+, E ′−, respectively. Note also that viola-
tion of inequality (24) requires an operational plane that
extends outside all four sides of the dashed rectangle in
Fig. 3. In particular, it is precisely in this case that
four suitable ensembles E1, E2, E3, E4, such as those cor-
responding to the red and blue dots in Fig. 3, can be
prepared. For the qubit example discussed just prior to
Theorem 3, these ensembles are described by the Bloch
vectors n1 = (1, 1, 0)/
√
2,n2 = (−1,−1, 0)/
√
2,n3 =
(1,−1, 0)/√2,n4 = (−1, 1, 0)/
√
2, respectively, lying in
the operational plane 〈Z〉 = 0 (see also Fig. 5), yielding
a value `(0) =
√
2 − 1 similarly to the related ‘locality’
example in Eq. (11).
More generally, we have a corollary of Theorem 3 for
qubit observables, analogous to Corollary 2 in Sec. III B.
Corollary 3: The joint reality of any two noncommuting
projective qubit observables, represented by Aˆ = σˆ ·a and
Bˆ = σˆ · b, is incompatible with operational completeness.
Proof: The intersection of the plane spanned by a and b
with the Bloch ball is an operational plane for A and B,
corresponding to the region in the 〈A〉〈B〉-plane bounded
by the ellipse defined in Eq. (12). Since this ellipse cir-
cumscribes the dashed rectangle in Fig. 4 for the choice
c = a · b, one can always choose four qubit ensembles
E1, E2, E3, E4 lying in the four shaded regions, i.e., with
`(a · b) > 0 in Eq. (24). In particular, choosing the
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FIG. 5. Joint reality vs operational completeness for or-
thogonal qubit observables X and Y . Quantum mechanics
restricts the range of possible 〈X〉 and 〈Y 〉 values to the
unit disc 〈X〉2 + 〈Y 〉2 ≤ 1 (purple solid curve). Thus, the
four ensembles yielding the maximum possible violation of
Eq. (24) for c = 0, i.e., having maximum possible distances
from the dashed inner square, correspond to Bloch vectors in
the ±x ± y directions (red and blue dots). These four en-
sembles lie in the operational plane 〈Z〉 = 0. More generally,
an arbitrary operational plane for X and Y has 〈X〉 and 〈Y 〉
values restricted to the interior of an ellipse (exemplified by
the purple dotted curve), as per the main text. In this case,
inequality (24) of Theorem 3 can be violated for c = 0 if and
only if the ellipse crosses all four sides of the dashed inner
square. This is indeed the case for a large class of opera-
tional planes, as discussed in the main text, demonstrating
the robustness of the theorem. Note that the ellipse plays
an analogous role to the projection of the steering ellipsoid
discussed in Sec. III B.
ensembles described by unit Bloch vectors in directions
±(a+ b),±(a− b) yields a value of `(c) = `max(a · b) in
Eq. (13). 
B. Robustness for qubits
We will here exemplify the robustness of Theorem 3 for
the special case of orthogonal qubit observables X and
Y and c = 0, and for related POVM observables. Similar
results can be obtained for the general case.
First, as noted in Sec. IV A, an operational plane for
observables X and Y corresponds to the intersection of
the Bloch ball with any plane not parallel to the 〈Z〉
axis. Since the circle formed by such an intersection
projects onto an ellipse in the equatorial plane, it follows
that operational planes for X and Y are represented by
the interiors of ellipses. Two examples are depicted in
Fig. 5 (purple curves), one of these being the unit disc
(purple solid curve), corresponding to the special case of
the operational plane 〈Z〉 = 0 discussed following Theo-
rem 3. While this case leads to the maximum violation
of Eq. (24) for c = 0, violations can in fact be achieved
for a large class of operational planes, indicating the ro-
bustness of the theorem.
For example, the operational plane 〈Z〉 = d is parallel
to the equatorial plane, and projects onto a disc of radius√
1− d2 centred at the origin in Fig. 5. Hence, it crosses
all four sides of the inner square, corresponding to the
existence of ensembles violating `(0) ≤ 0 in Eq. (24), for
any |d| < 1/√2. More generally, the boundary of an ar-
bitrary operational plane for X and Y , lying at distance
d from the centre of the Bloch ball and making an an-
gle χ with the equatorial plane, projects onto an ellipse
with semimajor and semiminor axis lengths
√
1− d2 and√
1− d2 cosχ, respectively (its orientation and centre are
determined by the line through which the plane intersects
the equatorial plane). Hence, a no-go result can be ob-
tained for c = 0 only if the width of this ellipse is larger
than the side length of the dashed inner square, yielding
the relatively mild necessary condition√
1− d2 cosχ > 1/
√
2. (25)
This condition is also sufficient when the ellipse axes are
parallel to the inner square.
Similar robustness considerations hold for observables
sufficiently close to X and Y , including POVM observ-
ables. For example, the POVMs X ≡ {Xˆ± = 12 (1 ±
Xˆ)}, Y ≡ {Yˆ ± = 12 (1± Yˆ )} for some  ∈ [0, 1], repre-
senting unbiased noisy measurements of X and Y , satisfy
〈X〉 = 〈X〉 and 〈Y〉 = 〈Y 〉. Thus, their range of pos-
sible values corresponds to a circle of radius  in Fig. 5.
The incompatibility of joint reality of X and Y with
operational completeness can therefore be demonstrated
if this circle intersects all four sides of the dashed inner
square, i.e., if
 > 1/
√
2. (26)
Note that this is a tight result, as X and Y are known
to be compatible, with a well-defined joint probability
distribution, for  ≤ 1/√2 [39, 40]. The content of
Theorem 3 is thus also applicable to the joint reality
of noisy qubit observables, as expected from its device-
independent nature.
C. Operational completeness vs preparation
noncontextuality
We now show that the property of operational com-
pleteness in Sec. IV A is closely related to the prop-
erty of preparation noncontextuality introduced by
Spekkens [18]. A little preliminary groundwork is re-
quired to define the latter. Note first from Bayes theo-
rem that the probability of measurement outcome α, for
a measurement A on a system prepared via preparation
12
procedure P , can always be written in the form
p(α|A,P ) =
∫
dλ p(α|A, λ, P ) p(λ|A,P ), (27)
where λ represents any additional relevant information.
An ontological model, for a given set of measurement and
preparation procedures, is then said to exist when P →
λ → α forms a Markov chain, i.e., when p(λ|A,P ) =
p(λ|P ) and p(α|A, λ, P ) = p(α|A, λ), implying that [18]
p(α|A,P ) =
∫
dλ p(α|A, λ) p(λ|P ). (28)
In this case λ is called an ‘ontic state’, and is interpreted
as carrying all relevant information about the system
post-preparation and pre-measurement.
Second, an ontological model is defined to be prepa-
ration noncontextual if any two operationally equivalent
preparations P and P ′ in the given set are also equivalent
at the ontic level [18, 41], i.e., if
p(α|A,P ) ≡ p(α|A,P ′) ∀A =⇒ p(λ|P ) ≡ p(λ|P ′).
(29)
Preparation noncontextuality is a very strong assumption
for ontological models. It rules out, by fiat, the possibil-
ity of being able to discriminate physical systems at some
underlying level if they cannot be discriminated at an op-
erational or phenomenological level. This is analogous to
ruling out consideration of statistical mechanics on the
basis of thermodynamic observations, or the existence of
atoms based on the successes of fluid mechanics. Never-
theless, analysis of preparation noncontextuality has led
to a number of interesting implications [7, 17–23].
Of particular interest for us here is the following Propo-
sition.
Proposition: Within the realm of ontological models,
preparation noncontextuality implies operational com-
pleteness, but not vice versa.
Proof: Note first that the pre-existing reality of two ob-
servables A and B is represented within the realm of
ontological models by outcome determinism [18], i.e, by
p(α|A, λ), p(β|B, λ) ∈ {0, 1}. (30)
Defining the measurable set of ontic states SαA := {λ :
p(α|A, λ) = 1}, and similarly for SβB , it follows from
Eqs. (28) and (30), noting the intersection of two mea-
surable sets is always a measurable set, that the joint
probability of A = α and B = β is well-defined for any
preparation P :
p(α, β|P ) =
∫
SαA∩SβB
dλ p(λ|P ). (31)
Hence, if two preparations P and P ′ are operationally
equivalent, then preparation noncontextuality as per
Eq. (29) implies that
p(α, β|P ) = p(α, β|P ′). (32)
In particular, corresponding ensembles E and E ′ of N sys-
tems prepared by these procedures will be operationally
similar, and sample p(α, β|P ) and p(α, β|P ′) respectively,
implying that
N(α, β|E)/N ≈ N(α, β|E ′)/N (33)
up to statistical errors. Thus operational completeness,
as defined in Sec. IV A, holds for any ontological model
that satisfies preparation noncontextuality, as claimed.
We show that the converse does not hold via a sim-
ple counterexample. Consider an ontological model that
includes just two measurements A and B that have pre-
existing real values α, β = ±1; just two preparations P
and P ′ that are operationally equivalent; and ontic states
λ taking values on the unit circle, such that
SαA = {λ : α sinλ ≥ 0}, SβB = {λ : β cosλ ≥ 0}, (34)
p(λ|P ) = pi−1 sin2 λ, p(λ|P ′) = pi−1 cos2 λ. (35)
Substitution into Eq. (28) then yields p(α|A,P ) =
p(α|A,P ′) and p(β|B,P ) = p(β|B,P ′), consistent with
the operational equivalence of P and P ′. Further, substi-
bution into Eq. (31) yields p(α, β|P ) = 14 = p(α, β|P ′).
Hence, the real values of A and B satisfy operational
completeness. Yet clearly p(λ|P ) 6= p(λ|P ′) and so the
model is not preparation noncontextual. 
The Proposition shows that operational completeness
is a strictly weaker assumption than preparation noncon-
textuality. This reflects the fact the former only places
constraints at the ensemble level, as per Eqs. (32) and
(33) (see also Sec. IV A), whereas the latter directly con-
strains the underlying ontic level as per Eq. (29).
Another important point of difference between opera-
tional completeness and preparation noncontextuality is
that the former can be defined and exploited without
making any assumption that joint relative frequencies
of jointly real observables converge to some well-defined
joint probability distribution. In contrast, preparation
noncontextuality is only defined within the ambit of on-
tological models, and hence only within the ambit of a
well-defined joint probability distribution for jointly real
observables as per Eq. (31).
Finally, it is worth noting that results obtained using
the assumption of preparation noncontextuality [7, 17–
23] can, in many cases, be strengthened to obtain sim-
ilar results using the weaker assumption of operational
completeness (particularly for the case of outcome deter-
ministic ontological models). In this sense preparation
noncontextuality can often be replaced by operational
completeness. As an example, we here generalise a re-
markable result of Pusey [17] for preparation noncontex-
tuality.
Theorem 4: The joint reality of two two-valued observ-
ables A and B, for any four ensembles E1, E2, E3, E4 form-
ing a convex quadrilateral in any operational plane of A
and B (with respective vertices in clockwise order), is
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compatible with operational completeness if and only if
the inequality∣∣∣∣∣∣∣
〈A〉1 〈B〉1 p〈A〉1 + q〈B〉1 − 1 1
〈A〉2 〈B〉2 −r〈A〉2 − s〈B〉2 + 1 1
〈A〉3 〈B〉3 r〈A〉3 + s〈B〉3 + 1 1
〈A〉4 〈B〉4 −p〈A〉4 − q〈B〉4 − 1 1
∣∣∣∣∣∣∣ ≥ 0 (36)
holds (up to statistical errors) for all p, q, r, s = ±1 sat-
isfying pqrs = −1.
The proof of the theorem is rather long, in contrast to
the analogous result in Theorem 2 of Sec. III D for the in-
compatility of joint reality and locality, and we defer it to
Appendix B. It is guided by the proof of the correspond-
ing result for preparation noncontextuality in [17], but
with some expanded detail for clarity, and some technical
differences due to using the weaker notion of operational
completeness, and the concepts of joint reality and finite
ensembles in place of ontological models.
Theorem 3 is weaker than Theorem 4 in the same way
that Theorem 1 is weaker than Theorem 2. However,
similarly to the discussion at the end of Sec. III D, the
main value of Theorem 3 in comparison to Theorem 4
is the much greater simplicity and geometric nature of
its derivation; its linear form; and its straightforward op-
timisation for qubit observables. Note that Appendix A
provides an alternative necessary and sufficient condition
to Theorem 4 for the incompatibility of joint reality and
operational completeness.
V. CONCLUSIONS
We have given a number of device-independent no-
go results for the joint reality of two-valued observables
(Theorems 1–4 and Corollaries 1–3), based on various
assumptions that are weaker than those considered pre-
viously. The results in Theorems 1 and 3 are of particular
interest in that they are based directly on the very sim-
ple geometry of correlations depicted in Figs. 1 and 3;
are transparent to optimise for qubits; and show that
the rather different concepts of locality and operational
completeness have a common geometric underpinning.
There are several avenues for future work that are sug-
gested by the results. First, it would be worthwhile to
experimentally test and compare the device-independent
steering inequalities (10) and (23), in Theorems 1 and 2
respectively; investigate the possibility of their direct ap-
plication to one-sided cryptographic key distribution and
randomness generation [35]; and study the effects of de-
tector inefficiencies. More generally, it would be of value
to establish whether Bell nonlocality can be completely
characterised via conditional Bell inequalities, similarly
to the special case of the CHSH scenario discussed in
Sec. III D and Appendix A.
Second, it would be reasonably straightforward to
carry out an experimental test of Theorems 3 and 4,
concerning the compatibility of joint reality with oper-
ational completeness (such an experiment would also be
able to test the inequality for preparation noncontextual-
ity in [17]). It would be technically similar to the experi-
ment reported by Mazurek et al. [19] (see also Sec. IV A),
but with the advantage of ruling out the joint reality of
any two noncommuting qubit observables, modulo oper-
ational completeness, rather than only of particular sets
of three such observables.
Third, analysis of the relationship between Theorems 1
and 2, or, analogously, between Theorems 3 and 4,
may give some geometric insight into both the CHSH
Bell inequalities and Pusey’s result in [17] (see also Ap-
pendix A).
Fourth, while all results have been obtained for fi-
nite statistics, thus avoiding an implicit assumption that
unobservable joint relative frequencies must converge to
joint probability distributions (see Introduction), it may
be possible to formulate these results more sharply via
strict limits on statistical errors, as Gill has done for the
case of Bell inequalities [11].
Finally, it would be of interest to further investigate
the relationship between operational completeness and
preparation noncontextuality, including to what degree
the former is able to substitute for the latter in various
scenarios (in addition to Theorem 4 in Sec. IV C). Note
that operational completeness does not fall within the
general notion of contextuality formulated by Spekkens,
i.e., that a property which holds at the operational level
should hold at an underlying ontic level [18] (for example,
there is no joint relative frequency of incompatible qubit
observables available at an operational level). Nor does
it correspond to noncontextuality of the type assumed
by Kochen and Specker [5, 6], since it only requires one
way of measuring any given observable. However, per-
haps it could be shown, for example, that the existence
of an ontological model satisfying operational complete-
ness implies the existence of a second ontological model,
making the same predictions, that satisfies preparation
noncontextuality.
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Appendix A: Necessary and sufficient conditions for
joint reality applicable to the CHSH scenario
We return to the geometry of correlations in Fig. 1 and
Sec. II, to obtain far stronger albeit less simple results
than inequalities (10) and (24) in Theorems 1 and 3.
These results are equivalent to, but quite different in form
from, inequalities (23) and (36) in Theorems 2 and 4, and
may be directly applied to the CHSH scenario.
First, choosing α = β in the fundamental positivity
condition (2) for joint reality yields the lower bound
〈AB〉 ≥ L := |〈A〉+ 〈B〉| − 1 (A1)
for 〈AB〉, generalising inequality (3). One similarly finds,
choosing α = −β, the upper bound
〈AB〉 ≤ U := 1− |〈A〉 − 〈B〉|. (A2)
Noting L ≤ U for any given values |〈A〉|, |〈B〉| ≤ 1, it
follows that one has N(α, β) ≥ 0 as per Eq. (2) for any
value 〈AB〉 ∈ [L,U ]. The above inequalities are therefore
tight in this sense.
For a mixture E/ of two ensembles E+ and E−, with
respective mixing weights w+ and w−, it follows via
Eq. (A1) and w+ +w− = 1 that we have the tight lower
bound
〈AB〉E/ = w+〈AB〉E+ + w−〈AB〉E−
≥ w+|〈A〉E+ + 〈B〉E+ |+ w−|〈A〉E− + 〈B〉E− | − 1
:= L/ (A3)
(note this is stronger than the related lower bound
|〈A〉E/ + 〈B〉E/ | − 1). Similarly, for a mixture E\ of two
ensembles E ′+ and E ′−, with respective mixing weights w′+
and w′−, we have the tight upper bound
〈AB〉E\ ≥ 1− w′+|〈A〉E′+ − 〈B〉E′+ | − w′−|〈A〉E′− − 〈B〉E′− |
=: U\. (A4)
One obtains similar lower and upper bounds L\ and U/
when the roles of E/ and E\ are reversed.
Lemma 1: Any assumption equating the values of
〈AB〉E/ and 〈AB〉E\ is compatible with the joint reality
of two observables A,B = ±1 if and only if
w+|〈A〉E+ + 〈B〉E+ |+ w−|〈A〉E− + 〈B〉E− |
+ w′+|〈A〉E′+ − 〈B〉E′+ |+ w′−|〈A〉E′− − 〈B〉E′− |
≤ 2 (A5)
and
w+|〈A〉E+ − 〈B〉E+ |+ w−|〈A〉E− − 〈B〉E− |
+ w′+|〈A〉E′+ + 〈B〉E′+ |+ w′−|〈A〉E′− + 〈B〉E′− |
≤ 2. (A6)
Proof: Equation (A5) corresponds to the requirement
that the tight lower bound in Eq. (A3) is no greater than
the tight upper bound in Eq. (A4), i.e., to L/ ≤ U\, while
Eq. (A6) corresponds to the case that the roles of E/ and
E\ are reversed, i.e., to L\ ≤ U/. Thus, these equations
are necessary for the equality of 〈AB〉E/ and 〈AB〉E\ .
Conversely, noting that one trivially has L/ ≤ U/ and
L\ ≤ U\, Eqs. (A5) and (A6) are also sufficient for equal-
ity, since one can choose 〈AB〉E/ = k = 〈AB〉E\ , compat-
ible with joint reality, for any k satisfying max{L/, L\} ≤
k ≤ min{U/, U\}. 
For example, suppose two-valued measurements M
and M ′, made in a spacelike separated region from
measurements of A and B, steer some ensemble E to
subensembles E±, E ′±, respectively. If E± correspond to
the two red dots in Fig. 1, and E ′± correspond to the two
blue dots, then the locality assumption implies that
〈AB〉E/ = 〈AB〉E\ = 〈AB〉E (A7)
via Eq. (9), with E/ and E\ corresponding to the black
dot. Hence, Lemma 1 applies to this scenario.
Further, since Eqs. (A5) and (A6) are, by construc-
tion, equivalent to the positivity of the joint relative fre-
quencies N(α, β|E±) as per Eq. (2), they are then also
equivalent to Bell locality in the CHSH scenario as per
the argument in Sec. III D. Thus, joint reality is com-
patible with locality in the CHSH scenario if and only if
Eqs. (A5) and (A6) hold.
Since the two Eqs. (A5) and (A6) are equivalent to the
eight CHSH inequalities in the CHSH scenario, it is of
interest to write them down explicitly in terms of joint
correlations. To do so, note first that the first term in
Eq. (A5) can be rewritten in this scenario as
w+〈A〉E+ = p(M = 1)〈A〉M=1 = p(M = 1)〈A 1+M2 〉M=1
= p(M = 1)〈A 1+M2 〉M=1
+ p(M = −1)〈A 1+M2 〉M=−1
= 〈A 1+M2 〉E = 12 〈AM〉E + 12 〈A〉E . (A8)
Treating the other terms similarly then gives the equiva-
lent form
|〈AM〉E + 〈BM〉E + 〈A〉E + 〈B〉E |
+ |〈AM〉E + 〈BM〉E − 〈A〉E − 〈B〉E |
+ |〈AM ′〉E − 〈BM ′〉E + 〈A〉E − 〈B〉E |
+ |〈AM ′〉E + 〈BM ′〉E − 〈A〉E + 〈B〉E |
≤ 4 (A9)
of Eq. (A5). The corresponding form of Eq. (A6) is ob-
tained by swapping M and M ′. The two same inequal-
ities are also obtained under swapping the outcomes of
any of A,B,M,M ′, and under swapping of A and B.
Clearly, Eqs. (A5) and (A6) do not have the form of
device-independent steering inequalities (or conditional
Bell inequalities) in the CHSH scenario, since they de-
pend explicitly on the steering weights w±, w′± and so
correspond to joint correlation (or Bell) inequalities as
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per Eq. (A9). Nevertheless, they may be put in such a
form, via a special property of the CHSH scenario, as
follows.
Lemma 2: The mixing weights w±, w′± in Eqs. (A5)
and (A6) of Lemma 1 may be evaluated in terms of con-
ditional expectation values with respect to E±, E ′±, if the
assumption referred to in Lemma 1 further equates the
values of 〈A〉E/ and 〈A〉E\ , and of 〈B〉E/ and 〈B〉E\ .
Proof: Writing w± = 12 (1± δ), w′± = 12 (1± δ′) for conve-
nience, it follows that the equations 〈A〉E/ = 〈A〉E\ and
〈B〉E/ = 〈B〉E\ may be rewritten as two linear equations
for δ and δ′, which may be given in matrix form as( 〈A〉E+ − 〈A〉E− −〈A〉E′+ + 〈A〉E′−
〈B〉E+ − 〈B〉E− −〈B〉E′+ + 〈B〉E′−
)(
δ
δ′
)
=
(
f
f ′
)
,
(A10)
where
f = −〈A〉E+ − 〈A〉E− + 〈A〉E′+ + 〈A〉E′− (A11)
f ′ = −〈B〉E+ − 〈B〉E− + 〈B〉E′+ + 〈B〉E′− . (A12)
Solving for δ and δ′ yields expressions for the weights
w±, w′± in terms of the averages of A and B with respect
to E±, E ′±, as claimed. Note that the solution corresponds
to the black dot in Fig. 1. 
For example, since the locality assumption satisfies the
conditions of Lemma 2 via Eq. (9), Eqs. (A5) and (A6)
can be rewritten as device-independent steering inequal-
ities under this assumption. Further, since these two in-
equalities are necessary and sufficient, it follows that they
are equivalent to the eight device-independent steering
inequalities in Eq. (23) of Theorem 2.
Lemmas 1 and 2 also allow the standard CHSH in-
equality in Eq. (18) to be directly reformulated as a non-
linear device-independent steering inequality, similarly to
Eq. (23) of Theorem 2. First, note that the first term of
the inequality can be rewritten as
〈AM〉E = p(M = 1)〈A〉M=1 − p(M = −1)〈A〉M=−1
= w+〈A〉E+ − w−〈A〉E− , (A13)
where w± = 12 (1 ± δ) is determined (nonlinearly) in
terms of conditional expectations via the solution of
Eqs. (A10)–(A12). Similar rewriting of the remaining
terms of the CHSH inequality then yields the equivalent
nonlinear device independent steering inequality∣∣w+(〈A〉E+ + 〈B〉E+)− w− (〈A〉E− + 〈B〉E−)
+ w′+(〈A〉E′+ − 〈B〉E′+)− w′−(〈A〉E′− − 〈B〉E′−)
∣∣ ≤ 2,
(A14)
with w±, w′± determined via Eqs. (A10)–(A12). As noted
in Sec. III D, it would be of interest to determine the
conditions under which Bell inequalities for more general
scenarios can be rewritten as device independent steering
inequalities.
Finally, analogous results can be obtained via Lem-
mas 1 and 2 by replacing the locality assumption with
operational completeness.
Appendix B: Proof of Theorem 4
Inequality (36) of Theorem 4 corresponds to Pusey’s
necessary and sufficient condition in Sec. VI of [17], for
the compatibility of preparation noncontextuality with
an ontological model, for measurements A and B and en-
sembles E1, E2, E3, E4 (note that our labelling of ensembles
E1, E2, E3, E4 corresponds to the labelling P0,P1,P3,P2 of
their respective preparation procedures in [17], and we
have reordered the bottom two rows of the determinant
in Eq. (11) of [17], thus changing the sign of the inequal-
ity). Pusey’s condition in turn arises from a formal equiv-
alence between preparation noncontextuality and local
causal models for the CHSH scenario, as shown in Sec. V
of [17]. Theorem 4 can therefore be established if a sim-
ilar equivalence between operational completeness and
local causal models can be shown for this scenario, which
we do as follows.
First, we show that if operational completeness and
joint reality both hold, then any four ensembles in an
operational plane as per the statement of the theorem
must satisfy Eq. (36). It is notationally convenient to
relabel the four subensembles, as
E1 ≡ E+, E2 ≡ E ′+, E3 ≡ E−, E4 ≡ E ′−. (B1)
Since they lie on an operational plane of A and B, which
by definition is closed under mixtures, and since the diag-
onals of a convex quadrilateral must intersect, it follows
one can form a mixed ensemble E/ of E+, E− with re-
spective mixing fractions w+, w− = 1− w+ ∈ [0, 1], and
a mixed ensemble E\ of E ′+, E ′− with respective mixing
fractions w′+, w
′
− = 1− w′+ ∈ [0, 1], such that
〈A〉E/ ≈ 〈A〉E\ , 〈B〉E/ ≈ 〈B〉E\ , (B2)
where 〈C〉E/ = w+〈C〉E+ + w−〈C〉E− and 〈C〉E\ =
w′+〈C〉E′+ + w′−〈C〉E′− for C = A,B. For example, for
the ensembles represented by the red and blue dots in
Fig. 1, E/ and E\ correspond to the black dot.
Further, since A and B have real pre-existing values,
then by construction their joint relative frequencies for
E/, E\ are given by
N(α, β|E/)
N/
= w+
N(α, β|E+)
N+
+ w−
N(α, β|E−)
N−
, (B3)
N(α, β|E\)
N\
= w′+
N(α, β|E ′+)
N ′+
+ w′−
N(α, β|E ′−)
N ′−
, (B4)
where N/, N\, N±, N ′± denote the number of systems in
ensembles E/, E\, E±, E ′±, respectively. It immediately fol-
lows via Eq. (B2) and operational completeness that
℘(α, β) :=
N(α, β|E/)
N/
≈ N(α, β|E\)
N\
, (B5)
up to statistical errors that become negligble for suffi-
ciently large ensembles.
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Consider now, guided by [17], a formal hidden vari-
able model with hidden variables u, v = ±1, for the joint
statistics of measurements C = A or B and D = M or
M ′, with respective measurement outcomes α, β,m,m′ =
±1, of the form
p(c, d|C,D) =
∑
u,v
℘(u, v) p1(c|C, u, v) p2(d|D,u, v).
(B6)
We set p1(α|A, u, v) := δαu, p1(β|B, u, v) := δβv, and
p2(±|M,u, v) := w±N(u, v|E±)/N±
N(u, v|E/)/N/ , (B7)
p2(±|M ′, u, v) :=
w′±N(u, v|E ′±)/N ′±
N(u, v|E\)/N\ . (B8)
Using Eq. (B5) and these definitions, Eq. (B6) then sim-
plifies to
p(c,±|C,M) = w±N(C = c|E±)
N±
= w±
1 + c〈C〉E±
2
,
(B9)
p(c,±|C,M ′) ≈ w′±
N(C = c|E ′±)
N ′±
= w′±
1 + c〈C〉E′±
2
,
(B10)
where the final equalities follow from the definition of 〈A〉
and 〈B〉 for ensembles E±, E ′±. Thus, as far as observables
A and B are concerned, measurement of M = ±1 in
this formal model is equivalent to preparing ensemble E±
with probability w±, while measurement of M ′ = ±1 is
equivalent, up to statistical errors, to preparing ensemble
E ′± with probability w′±.
The formal hidden variable model above is constructed
using the joint reality of A and B, operational complete-
ness, and ensembles E1, E2, E3, E4 as per the statement
of the theorem [related to E±, E ′± via Eq. (B1) above].
Further, the form of Eq. (B6) satisfies the requirements
of local causality [4], for the case of two measurements
on each side each having two outcomes. It follows that
Eq. (36) of the Theorem is necessarily satisfied by this
formal model, since, as per the nontrivial result given in
Sec. VI of [17], this equation is equivalent to the eight
CHSH inequalities satisfied by all such local causal mod-
els . This proves the theorem in the ‘if’ direction.
Conversely, the ‘only if’ direction follows if it can be
shown that if Eq. (36) is satisfied, for two observables A
and B and four ensembles E1, E2, E3, E4 as per the state-
ment of the theorem, then the joint reality of A and B is
compatible with operational completeness. It turns out
that we can show this even when the ensembles are not
restricted to lie in some operational plane of A and B,
which is in fact a slightly stronger result.
In particular, as shown in [17], Eq. (36) is equivalent to
the eight CHSH inequalities being satisfied by the joint
statistics corresponding to measurements A and B on
one side and two two-valued measurements M = ±1 and
M ′ = ±1 on the other, where the ensembles E±, E ′± cor-
respond to the measurement outcomes of M and M ′,
respectively, and E+, E ′+, E−, E ′− form a convex quadrilat-
eral (with vertices labelled clockwise) in the 〈A〉〈B〉-plane
[note the correspondence in Eq. (B1) above]. Further,
it is well known that when these CHSH inequalities are
satisfied one can always construct a deterministic local
causal model for the joint statistics, with a discrete hid-
den variable λ [28], i.e., of the form
p˜(c, d|C,D) =
∑
λ
℘(λ) p˜1(c|C, λ) p˜2(d|D,λ), (B11)
with C = A,B, D = M,M ′, and p˜1(c|C, λ), p˜2(d|D,λ) ∈
{0, 1}. Hence, each member of an ensemble E of N sys-
tems described by these statistics is compatible with pre-
existing values of C = A,B and D = M,M ′, specified by
the deterministic joint distribution
p(α, β,m,m′|λ)
= p˜1(α|A, λ) p˜1(β|B, λ) p˜2(m|M,λ) p˜2(m′|M ′, λ).
(B12)
Thus, the model is compatible with the joint reality of A
and B by construction.
Now, local causality of the model in Eq. (B11) implies
that the joint statistics of A and B do not depend on
whether M or M ′ is measured, i.e.,∑
m
p(α, β|M = m) p(M = m)
=
∑
λ,m,m′
℘(λ) p(α, β,m,m′|λ)
=
∑
m′
p(α, β|M ′ = m′) p(M ′ = m′), (B13)
using Eqs. (B11) and (B12). Hence, the subensembles
corresponding to the measurement outcomes for M and
M ′ satisfy∑
m
p(M = m)
N(α, β|Em)
Nm
≈
∑
m′
p(M ′ = m′)
N(α, β|E ′m′)
N ′m′
,
(B14)
where N±, N ′± denote the number of systems in
subensembles E±, E ′± as before, up to statistical errors
that become negligible as size of the subensemble is in-
creased. Identifying the left hand side of this equation
with a mixed ensemble E/ of E±, and the right hand side
with a mixed ensemble E\ of E ′±, then gives
N(α, β|E/)
N/
≈ N(α, β|E\)
N\
(B15)
[analogous to Eq. (B5)]. Thus, the joint relative frequen-
cies of A and B (and hence the averages of A and B),
are equal up to statistical errors, implying that E/ and E\
17
satisfy the condition required for operational complete-
ness in Sec. IV A (whether or not they are operationally
similar, i.e, even if the subensembles E±, E ′± do not lie
in an operational plane). Finally, no other points on the
〈A〉〈B〉-plane need to be considered for the purposes of
operational completeness, since the diagonals of a convex
quadrilateral in this plane only cross at a single point.
Hence the joint reality of A and B is compatible with
operational completeness, as required for the ‘only if’ di-
rection of Theorem 4.
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